Flying animals possess flexible wings that deform during flight. The chordwise flexibility alters the wing shape, affecting the effective angle of attack and hence the surrounding aerodynamics. However, the effects of spanwise flexibility on the locomotion are inadequately understood. Here, we present a two-way coupled aeroelastic model of a plunging spanwise flexible wing. The aerodynamics is modelled with a two-dimensional, unsteady, incompressible potential flow model, evaluated at each spanwise location of the wing. The two-way coupling is realized by considering the transverse displacement as the effective plunge under the dynamic balance of wing inertia, elastic restoring force and aerodynamic force. The thrust is a result of the competition between the enhancement due to wing deformation and induced drag. The results for a purely plunging spanwise flexible wing agree well with experimental and high-fidelity numerical results from the literature. Our analysis suggests that the wing aspect ratio of the abstracted passerine and goose models corresponds to the optimal aeroelastic response, generating the highest thrust while minimizing the power required to flap the wings. At these optimal aspect ratios, the flapping frequency is near the first spanwise natural frequency of the wing, suggesting that these birds may benefit from the resonance to generate thrust.
Introduction
The aerodynamics associated with flapping flyers with complex wing kinematics has been the subject of interest for scientists and engineers. Though the steady-state classical aerodynamic theories are well established to explain the aerodynamic performance of conventional aircraft, the lift generation mechanisms of flying animals have been inadequately understood. These flying animals can flap, glide and soar, depending on their task at hand, showcasing agile manoeuvres in small confined spaces or long-range migrations. This wonderful flight ability of flying animals along with their flight characteristics and performance have inspired the design of micro air vehicles (MAVs) [1] [2] [3] [4] [5] .
One of the remarkable mechanisms that flying animals exhibit and which can be used in the development of MAVs to enhance performance is wing flexibility. Insect, bird and bat wings are flexible and tend to deform during flight [6, 7] . One of the main predicaments of the analysis of flexible flapping wing aerodynamics is that the wing shape and motion are a priori unknown and complicated as they result from the coupled aerodynamics and structural dynamics [8] . The analysis of the closely coupled fluid-structure interaction (FSI) systems investigated so far has been insufficient to explain all the obtrusive features of the interaction between flexible wings and the surrounding air.
An approach to overcome this challenge is to use an abstracted model with simplified wing structure, geometry and kinematics to represent the intricate physical phenomena. Recent efforts have shown that wing flexibility can enhance propulsive force generation while minimizing power consumption [9] [10] [11] [12] [13] . Most of these studies consider wing flexibility in the chordwise direction. The & 2017 The Author(s) Published by the Royal Society. All rights reserved.
chordwise wing deformation effectively changes the wing shape and, hence, the effective angle of attack [14] . In dynamic balance with the surrounding fluid, the deformed wing shape acts as a passive pitch, affecting the lift generation of a flapping wing.
However, the effects of spanwise wing flexibility on aerodynamic performance have been relatively underexplored. A notable exception is the water tunnel experiments by Heathcote et al. [15] for plunging wings with varying stiffness and motion frequency under a freestream. They found that a moderate flexibility in the spanwise direction results in an increase in the thrust coefficient, while reducing the power input. Follow-up numerical simulations that solved the Navier-Stokes equations [10, [16] [17] [18] [19] agreed well with the experimental results and showed that the performance increased in general when the wing-tip motion was in phase with the root.
While these high-fidelity numerical simulations [10, 16, 19] and physical experiments [15] can yield instantaneous information of the flow field and wing deformations of flexible flapping wings, analytical formulation of the lift, thrust and wing deformation for a spanwise flexible flapping wing is inadequately addressed. Such an analytical model can help to demonstrate the relation between various physical mechanisms involved in flight and offer a framework to analyse the nature of the FSI. Moreover, when compared with the computational and experimental studies, an analytical model can be a much faster way to analyse the aerodynamics. It can also provide good parameter settings for the experimental and computational studies. Therefore, such an analytical aeroelastic model can play a crucial role in understanding the flight dynamics, stability and control of flapping wing flyers [1, 8, 20] . In this study, we present an analytic aeroelastic model for the instantaneous lift, thrust and wing deformation as well as the power required and propulsive efficiency of a spanwise flexible wing in forward flight.
Material and methods

Wing kinematics
The considered case set-up is motivated by the experimental work by Heathcote et al. [15] . We consider a three-dimensional wing with chord c and wing length R. A schematic of the present case set-up is shown in figure 1a. We impose a sinusoidal plunge motion h as hðtÞ ¼ h a e i2pft , ð2:1Þ
with plunge amplitude h a and frequency f as a function of time t at the wing root under a freestream of magnitude U. The plunge is considered negative in the downward direction. The freestream direction is along the chord. No active pitching motion is imposed on the wing and the geometric angle of attack is zero.
Spanwise flexible wing model
We model the displacement of the wing in the spanwise direction normalized by the chord u*(z*, t*) ¼ u(z, t)/c with the normalized Euler -Bernoulli beam equation as
where Q 0 ¼ r*h s *(k/p) 2 is the effective inertia,
) is the effective stiffness [10, 21] with Young's modulus E, and F* is the normalized transverse fluid force F per unit length of the wing. The reduced frequency k ¼ pfc/U is an important parameter that measures the unsteadiness of the flow field [10] . The density ratio r* ¼ r s /r f is the ratio between the density of the wing r s and the fluid density r f . The thickness ratio h one dimension in space with 0 z* AR and t* ! 0, where AR is the aspect ratio of the wing defined as AR ¼ R/c. To solely focus on the effects of spanwise wing flexibility, no deformation is allowed in the chordwise direction, which is consistent with the experimental set-up by Heathcote et al. [15] . The wing deforms in dynamic balance between the wing inertia, elastic restoring force and fluid dynamic force. The resultant force in the direction of the plunge motion is the lift L and the force parallel to the freestream U in the direction of motion is the thrust T, as shown in figure 1c .
The boundary conditions are the prescribed plunge motion with a zero slope at the wing root, such that uð0,tÞ ¼ hðtÞ and @uð0, tÞ=@z ¼ 0. The wing tip is a free end with no bending or shear, i.e. ð@ 2 u=@z 2 ÞðR, tÞ ¼ ð@ 3 u=@z 3 ÞðR, tÞ ¼ 0. The boundary condition at the root is inhomogenous because of the imposed plunge motion h*. The standard separation of variables method cannot be applied in this case. The boundary conditions can be made homogeneous by subtracting h* from u*. Hence, equation (2.2) can be solved by decomposing u* as u*(z*, t*) ¼ w*(z*, t*) þ h*(t*), where w*(z*, t*) is the relative transverse displacement of the wing with respect to the imposed kinematics motion h*. The boundary condition for w* is now homogeneous with w*(0, t*) ¼ 0 at the root. The additional term involving h* now appears as an inertial force on the right-hand side of the partial differential equation for w* [8, 10] . The normalized fluid dynamic force F* and the two-way coupling are shown in §2.4. The resulting partial differential equation is solved using the separation of variables from Kang et al. [10] . The solution procedure is detailed in appendix A.
Unsteady aerodynamics
Insect flight is inherently governed by low Reynolds number aerodynamics due to the small size and low speeds associated with insects. The leading-edge vortex generation and its interaction with the wing in the subsequent strokes characterize hovering flight [22, 23] . The Navier-Stokes equations in general describe these unsteady and viscous flows.
Nevertheless, studies [24] [25] [26] suggest that linearized incompressible, inviscid aerodynamics models can provide accurate predictions of flapping wing aerodynamics. These incompressible and inviscid models are particularly accurate for forward flight, where any vortical structures convect away downstream due to the presence of a dominant freestream. For example, the lift predicted by Theodorsen's linearized unsteady aerodynamics model agrees well with the high-fidelity numerical results for a three-dimensional rectangular wing [19] .
Motivated by the success of these linearized aerodynamics models, we assume that the fluid flow surrounding the wing is incompressible, inviscid and irrotational, such that the potential flow equations govern the flow. From the recent literature, Chen & Skote [27] have reported a flow around a dragonfly wing with a spanwise variation in the wing planform and, more importantly, also in the corrugation. For such spanwise varying wing geometry, the flow is expected to be fully three dimensional. On the other hand, Clawson et al. [28] have reported flapping wing aerodynamics with a similar blade element approach without a three-dimensional correction. Their aerodynamic model agrees well with a series of experimental flight data, further suggesting that three-dimensional effects may not always be a dominant factor in flapping wing aerodynamics. On that account, similar to Prandtl's lifting-line theorem [29] , we neglect the spanwise flow and include the effects of the wing-tip vortex and induced downwash and drag. Furthermore, we consider the span efficiency factor to lump the detailed spanwise flow effects into a single parameter e as shown in §3.3. We use the blade element approach [30] and assume that the velocity field at each spanwise location is two dimensional. Then the two-dimensional velocity field v(x, y; z) at z ¼ z is described by the velocity potential F(x, y; z), which satisfies the Laplace equation r 2 F ¼ 0, and is given by v ¼ rF. The velocity potential must satisfy no penetration boundary condition at the solid surface. The Kutta condition must be enforced at the trailing edge, ensuring smooth flow at the trailing edge. For simplicity, we omit z whenever appropriate. We further assume that the wing is thin and any perturbation and amplitude of the imposed motion is small relative to the displacement of the wing.
Since the solution to the Laplace equation is linear, the velocity potential can be decomposed into non-circulatory and circulatory components, such that F ¼ F nc þ F c . The non-circulatory flow is introduced to satisfy the boundary condition at the solid surface. However, it cannot satisfy the Kutta condition on its own. Therefore, the circulatory flow is added in such a way to satisfy the Kutta condition without disturbing the boundary condition at the solid surface. A harmonic plunge motion is imposed at the wing root. The response of the spanwise flexible wing deformation is then also harmonic [15] . The details of the solutions for the velocity potential F, the pressure jump Dp between the upper and lower surfaces of the wing and the lift per unit length are the same as the classical solutions for plunging thin aerofoils in an incompressible potential flow [31, 32] .
The flat wing chord is transformed to a unit circle using conformal mapping with its centre located at the origin. The noncirculatory flow is modelled using a distribution of sources on the upper half of the unit circle and sinks of equal value on the bottom half. The strength of the sources and sinks are a known function derived from the boundary condition at the solid surface. The non-circulatory velocity potential F nc [31] is obtained by integrating over the distributed source/sinks from the leading edge to the trailing edge. The non-circulatory pressure jump is obtained from the linearized Bernoulli equation for unsteady flow and the non-circulatory lift is obtained by integrating the pressure from the leading edge to the trailing edge.
The circulatory flow is modelled by placing bound vortices and shed countervortices along the wake convecting at the velocity U, spanning from the trailing edge to infinity. In other words, for each vortex element in the wake, a vortex element of opposite circulation is placed at the mirror image, lying inside the circle, resulting in a bounded vortex preserving the boundary condition at the solid surface [32] . The circulatory velocity potential F c is obtained by integrating the circulation per unit length over the entire wake [31] . Following the Kutta condition, we enforce that the velocities do not diverge at the trailing edge. The circulatory pressure jump is obtained from the linearized Bernoulli equation for unsteady flow and the circulatory lift is obtained by integrating from the leading edge to the trailing edge [32] .
The resulting lift per unit length L 0 at each span location z 5 z is the sum of non-circulatory and circulatory lift and is given as
where < is the real part of the complex valued solution. The first term on the right-hand side represents the non-circulatory lift and the second term represents the circulatory lift. The complex valued C(k), a function of the reduced frequency k, is the Theodorsen function [32] , which can be defined in terms of Hankel functions [33] as rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170725
In the rigid limit, where the wing displacement u ! h, equation (2.3) reduces to the classical unsteady lift solution for a purely plunging aerofoil by Theodorsen [31] . Equation (2.3) includes the effective plunge u, which is the local wing deformation w in addition to the imposed plunge h.
Two-way coupled equation
Since the wing deformation is assumed to be small, we approximate the normalized fluid dynamic force F* in the two-way coupled equation (2.2) with the spanwise lift L 0 in equation
Due to the spanwise flexibility of the wing, the vertical velocity and acceleration of the wing varies along z. As a result, the twodimensional velocity field at each spanwise location (figure 1b) adjusts to the effective plunge acceleration and velocity of the local wing cross section, which, in turn, is in dynamic balance with the surrounding flow.
The resulting two-way coupled equation can also be rewritten in terms of w* ¼ u* 2 h* as
Compared with the Euler-Bernoulli beam equation, the first term on the left-hand side now includes an added inertia. The aeroelastic inertia term can be written as
implying that p/4 is added to the mass ratio r Ã h Ã s . Furthermore, the wing experiences an aeroelastic damping of kC(k), which increases with k as in equation (2.6). The right-hand side of equation (2.6) involves forces related to the acceleration and velocity of the imposed plunge h.
Results
The two-way coupled solution for the spanwise flexible wing deformation
The solution for the non-dimensional relative wing deformation w* ¼ w/c is obtained by solving the coupled equation in equation (2.6) by the separation of variables method. The solution process is discussed in a comprehensive way in our earlier work [10] and an overview is provided in appendix A. The fully developed complex solution for w* including spatial and temporal contributions is given as
where A n is the amplitude and w n is the phase of the nth mode of the temporal solution of relative displacement. The full expression for A n and w n are included in appendix A. The frequency ratio f Ã n ¼ f=f n is defined as the ratio of the flapping frequency and the natural frequency of the nth spanwise mode. The frequency ratio can also be written as
which shows that the frequency ratio is quadratic with respect to the aspect ratio.
Lift and power
The lift coefficient of a stationary steady thin symmetric aerofoil in inviscid flows is proportional to the geometric angle of attack. For a rigid purely plunging wing with zero geometric angle of attack, the lift coefficient only depends on the effective angle of attack a e,rigid ¼ tan
. For flapping wings, lift can be generated even with a zero angle of attack due to the wing motion normal to the freestream. For a spanwise flexible wing, equation (2.3) suggests that the effective angle of attack is a e (z*) % 2u (z*)/U based on the instantaneous wing displacement at a span location z*. Hence, lift can be further enhanced due to the wing deformation, which is a function of structural properties of the wing and the imposed wing kinematics.
The lift coefficient C L for the spanwise flexible wing is attained by integrating equation
Again, real parts of the resulting complex valued numbers are taken. The circulatory part of the lift coefficient is given in the second term on the right-hand side of equation (3.3) and becomes 2pa e C(k). Since u ¼ w þ h, we can effectively decompose the lift coefficient in terms of the lift due to the rigid wing and the contribution from the wing flexibility as
where the rigid component of the lift coefficient is
with the Strouhal number St being defined as St ¼ 2fh a /U. The wing experiences an enhanced lift when the second term in equation (3.4) becomes positive. Time-averaged power inputs, also known as mean profile power, can be obtained from the lift coefficient C L and normalized plunge velocity ḣ as
where k l represents the time-averaged parameters.
Thrust, induced drag and propulsive efficiency
In forward flight, the propulsive force in the direction of motion is the thrust coefficient C T . The thrust of a three-dimensional flexible flapping wing consists of two components: (i) the thrust enhancement due to the spanwise wing deformation and (ii) the induced drag.
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The thrust enhancement component at each span location is obtained as [34, 35] 
where
is the circulatory lift coefficient and a e ¼ 2u/U is the effective angle of attack due to the wing deformation. The added mass component of the lift does not contribute to the thrust because there is no acceleration of the wing in the direction of thrust in the vertical stroke plane.
The induced drag is obtained from classical aerodynamic theory [36] as
where W and G(z) are the downwash and the circulation, respectively. The circulation of the wing follows from the [36] . The downwash for an elliptical wing is W ¼ G 0 /R, where G 0 is the maximum circulation of an elliptical lift distribution [36] . The precise expression for the downwash of a spanwise flexible flapping wing of arbitrary planform shape is currently unknown. Here, we model the downwash as W ¼ G(z)/R and use the span efficiency factor e to account for any variations in the induced drag due to the shape of the wing planform as is done in the classical stationary wing aerodynamics [37] . The spanwise efficiency factor is widely used in the classical aerodynamics for finite wings and is e ¼ 1 for an elliptical wing and e , 1 for other planforms.
The induced drag becomes
where a i is the induced angle of attack a i ¼ C l,c /(2AR). Hence the induced drag coefficient becomes
The total thrust coefficient, accounting for the spanwiseinduced drag, at each span location is then obtained from the thrust enhancement due to the effective angle of attack and induced drag as
The total thrust coefficient C T is obtained as
where C T,e is the thrust due to the effective angle of attack obtained from integrating C t,e (equation (3.7)) throughout the span. The details of the derivation of the total thrust coefficient are lengthy and are shown in appendix B. The efficiency for the flyer is obtained from the ratio of timeaveraged power input to the time-averaged thrust given by h ¼ kC T l=kC P l.
Comparison with existing experimental and numerical data
The thrust generation and efficiency characteristics of these spanwise flexible wings in forward flight were studied experimentally by Heathcote et al. [15] . The accuracy of the presented analytical model will be assessed by comparing the wing deformation, lift and propulsive force with the numerical results [10, 16, 19] that agreed well with the experimental results [15] for the variables shown in table 1.
In this study, we apply the presented model to the cases that Heathcote et al. [15] considered at Re ¼ r f Uc/m ¼ 30 Â 10 3 . We change the structural density r s , the stiffness of the material E and motion frequency f to assess their effects on the structural dynamics and aerodynamics of the spanwise flexible wing in forward flight. The input parameters for this case set-up are considered from experimental [15] and numerical models [10, 16, 19] . The plunge amplitude at the wing root, h a /c ¼ 0.175, and the thickness ratio, h Ã s ¼ 1:0 Â 10 À3 , are kept constant. The aspect ratio is AR ¼ 3 and the wing planform is rectangular, such that the span efficiency factor is e ¼ 0.7 [37] .
Two wing structures, i.e. rigid and flexible wings, with the density ratio r* ¼ 7.8 are considered. For the rigid wing, the structure is assumed to be infinitely stiff [19] . Young's modulus is E ¼ 210 GPa for the flexible wing. The reduced frequency k varies from 0.2 to 1.82. Strouhal numbers vary accordingly from St ¼ 2kh a /(pc) ¼ 0.11k ¼ 0.02 to 0.202.
The contribution on w* from the second-order and higher order modes is negligible compared with the effects of the first-order mode for the considered motions for these cases. The reason is that the squares of the frequency ratios quickly decay for n ! 2 in equation (3.1). For example, at k ¼ 1.82, f Aono et al. [16] Reynolds-averaged Navier -Stokes and quasi-three-dimensional finite-element structural dynamics u tip /h a , a e , C T Kang et al. [10] Reynolds-averaged Navier -Stokes and geometrically nonlinear structural dynamic solver u a /h a , f tip , kC P l, kC T l, h Gordnier et al. [19] implicit large-eddy simulation and geometrically nonlinear structural dynamic solver u tip /h a , a e , C L , C T Heathcote et al. [15] water tunnel experiment
rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170725 Figure 2 shows the comparison of the normalized tip displacement amplitude u a /h a and tip phase lag f tip for the flexible case and mean power coefficient kC P l, mean thrust coefficient kC T l and propulsive efficiency h for rigid and flexible motion against numerical [10] and experimental [15] data. The tip displacement amplitude u a is obtained by considering the tip displacement u tip ¼ u a cos(2pft þ f tip ) [15] . The tip phase lag is obtained by considering the inverse of the tangent of tip displacement at the mid-and at the end of the half-stroke defined as u 
ð3:13Þ
The presented model effectively captures the behaviour of the spanwise wing for lower motion frequencies. The agreement worsens as the resulting wing deformation becomes larger, violating the small deformation assumption as expected.
The amplitude of the tip displacement normalized by the plunge amplitude u a /h a for a flexible wing shows good agreement for lower reduced frequencies. For k . 1.1 differences between the three methods start to be noticeable. The tip phase lag for the flexible wing increases almost linearly with k.
The power coefficient kC P l for rigid and flexible wings agrees very well with reduced frequencies less than 1.3. The reduced frequencies for insects and birds in forward flight lie around or below 0.5 [2] . As the reduced frequency increases the power coefficient increases in general. The analytical power coefficient is underpredicted for higher reduced frequencies. For the flexible wing, analytical results are extended for higher reduced frequencies to observe the cost of the flapping motion. The power coefficient tends to increase with an increase in the reduced frequencies.
Although the analytical mean thrust coefficient is slightly underpredicted, the trend follows the numerical and experimental data. The thrust is a competition between the enhancement of the thrust due to the effective plunge and the induced drag. For these cases, the thrust increases with the reduced frequency. The effects of the spanwise flexibility on the thrust generation for flying animals are discussed in §4.
The aerodynamic performance metrics are in general well captured for lower frequencies. However, as the motion frequency increases, kC P l becomes underpredicted and kC T l is overpredicted. As a consequence, the predicted efficiency h does not capture the optimal efficiency peak although the magnitude is well estimated.
The time histories of the tip displacement normalized with the plunge amplitude, u tip /h a , effective angle of attack at the tip, a e,tip ¼ 2u tip /U, lift coefficient, and thrust coefficient for rigid and flexible wings for a relatively high reduced frequency k ¼ 1.82 are compared with the experimental [15] and numerical data [16, 19] in figure 3 . The wing hardly deforms for the rigid wing and the deformation is equal to the prescribed plunge ( figure 3a) . The flexible wing motion in figure 3e at reduced frequency k of 1.82 agrees well with the experimental and numerical data. The effective angle of attack at the tip for the rigid wing is observed as ḣ/U and the analytical results agree well with the numerical results for both rigid and flexible wings ( figure 3b,f) .
The time histories of the lift coefficient for rigid and flexible wings ( figure 3c,g ) also show good agreement. The lift is enhanced due to the spanwise flexibility compared with the rigid motion. The thrust coefficient (figure 3d,h) is dependent on the phase between the plunge velocity and the local velocity [21] , as shown in equation (3.7). The analytical results exhibit decent agreement with numerical and experimental results.
Discussion
The current analytical model is used to evaluate the aeroelastic performance of two flyers in forward flight with varying rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170725 aspect ratio AR. Based on the available morphological data in the literature, we have considered two birds with different sizes, one being a small-sized bird, a passerine (European starling), and the other being a medium-sized bird, a goose (brent goose) [38] . The effects of the spanwise wing flexibility for these two birds are investigated with abstracted models based on their morphological data as shown in table 2. The precise modelling of the wings of the flyers is very challenging because of the anisotropic wing structures with varying density and thickness, complicated wing kinematics and wing shape. To model the first-order FSI mechanisms, we have considered two abstracted wing models which are characterized by AR and e for wing geometry, k and St for wing kinematics and h Ã s , r* and f Ã 1 for wing structure. Although, these non-dimensional parameters do not fully represent bird flight, the considered characteristics yield unique solutions to each of the abstracted models. The effect of the wing planform geometry is modelled with span efficiency factor e. The span efficiency factors for an aircraft wing are e ¼ 1 for an elliptical planform and e ¼ 0.7 for a rectangular planform. The wing planform of the considered abstracted wing models is neither elliptical nor rectangular. The wing planform of the abstracted models is approximated to be elliptical. The sensitivity of the span efficiency factor on the optimal results is discussed as well in §4. 4 .
The wing motion that the abstracted models exhibit is a result of the complex FSI of the wing involving spanwise flexibility and passive deformation of the wing feathers under a flapping motion at the wing root. To simplify the problem, we only consider the effects of spanwise wing flexibility and assume a uniform wing thickness and structural properties. Because we neglect the chordwise flexibility and impose a zero geometric angle of attack, we may neglect potentially important aerodynamics associated with wing pitch motion. Therefore, we only vary the aspect ratio of the wing, which is the only considered parameter that is related to the wing length. For each aspect ratio, we choose the plunge amplitude h a so that the resulting relative Table 2 . Wing morphological and kinematic parameters of the abstracted passerine model (European starling) and the abstracted goose model (brent goose) from the literature. The density of the birds is considered approximately equal to the density of the insect wings [39] . The thickness of the brent goose wing was unavailable and is considered arbitrarily from the thicknesses observed for hawk (6.8%c) [40] and owl (6 -8%c near mid-span) [41] . [37] 1 (elliptical) [37] rsif.royalsocietypublishing.org J. R. Soc. Interface 14: 20170725
wing-tip amplitude w a matches the actual stroke amplitudes observed for these birds, i.e. 728 for passerine [42] and 1148 for goose [46] . Because of the two-way coupled aeroelastic nature of the wing motion, the actuated motion amplitude h a cannot be observed. The reduced frequencies are 0.21 for passerine and 0.12 for goose based on the flapping frequency, chord length and forward velocity of the flyers (table 2) 
Abstracted passerine model
The structural properties including the normalized tip amplitude, the phase lag and the frequency ratio are shown in figure 4 for the abstracted passerine model. A peak exists in the normalized tip amplitude for the abstracted passerine model at AR ¼ 3.3. The tip phase lag exhibits a steep increment (figure 4b). When AR ¼ 3.3, the phase lag exceeds 908 and the frequency ratio for the first mode is near f/f 1 ¼ 1 as observed in figure 4c . The frequency ratio for the first mode is dominant for the abstracted passerine model. The maximum lift coefficient for the abstracted passerine model (figure 4d) decreases until AR ¼ 4.2 and then increases with the change in phase. The mean power coefficient is negative for the aspect ratios ranging from 3.3 to 4.1 as shown in figure 4e. A local peak is observed in the mean thrust coefficient trend in figure 4f at AR ¼ 2.7 and kC T l gradually increases with AR. For AR . 3.7 the mean induced drag coefficient is observed to decrease with the increase in the AR and the thrust due to the effective plunge increases for AR . 3.9.
The abstracted passerine model suggests that the required power can become negative and has a negative mean power coefficient kC P l when AR ¼ [3.3,4.1]. While power is required to move the wings initially, once the motion has started, the wing motion is driven by the energy from the surrounding fluid (when power input is negative). In the aircraft aeroelasticity, such a dynamics can lead to the aeroelastic instability called flutter [33] , which can be disastrous for the safety of an aircraft. In this range of aspect ratio for which kC P l is negative, kC T l is maximum when AR ¼ 3.3 for the abstracted passerine model. This optimal aspect ratio is close to the actual aspect ratio AR ¼ 3.2 observed for passerines [42] . The frequency ratio of the dominant first mode for the abstracted passerine model at the optimal aspect ratio is near f/f 1 ¼ 1, suggesting that the resonance can play an important role in generating optimal thrust.
Abstracted goose model
The goose is a larger and heavier bird than the passerine. The stroke amplitude is also larger than that for the passerine, as given in table 2 and figure 5a. The maximum normalized tip amplitude is observed to be at the aspect ratio of 5.4 where the tip phase is 888 (figure 5b). Similar to the abstracted passerine model, the increase in phase lag is sharp. Although the aspect ratio of the abstracted goose model is high, the thickness considered is also high and, hence, the frequency ratio for the first mode is dominant (equation (3.2) ), as shown in figure 5c . The maximum normalized tip amplitude again corresponds to f/f 1 ¼ 1. The tip phase lag exceeds 908 for the observed optimal AR of 5.5 where f/f 1 ¼ 1.
The maximum lift coefficient decreases with the aspect ratio for the observed range. The substantial decrease in the maximum lift is accentuated in the magnitudes of the mean power required and mean thrust. The mean power is observed to be negative for AR ! 5.5, emphasizing that energy is extracted from the surrounding fluid [33] similar to that of the abstracted passerine model. The thrust coefficient is positive for the considered range of aspect ratios. As a result, the optimal efficiency is considered at the maximum thrust in the negative power which is observed at AR ¼ 5.5.
Spanwise wing shape deformation
The frequency ratio is dominant in the first-order mode for both abstracted passerine and goose models. Hence, the similarity in the frequency ratio regime suggests that the spanwise wing shape deformation is qualitatively similar as well. Figure 6 shows the normalized spanwise wing shape u(z, t)/h a at various time instants between t* ¼ 0 and t* ¼ 1 for the optimal aspect ratio motions. For the abstracted passerine and the goose models, the maximum relative wing deformation is found at the tip, consistent with the classical shape associated with the first mode. As the wing flaps up and down, the wing deforms the largest near the mid-stroke, where the instantaneous wing root velocity is the highest. Although the normalized wing deformation appears to be similar in magnitude, the wing deformation u(z, t) for the abstracted goose model is almost four times greater than that of the abstracted passerine model, as shown in table 3. The sensitivity analyses of the structural response and aeroelastic solutions to the change in thickness, wing density and Young's modulus are shown in the electronic supplementary material, figures S1, S2 and S3, and are discussed in section 1 of the electronic supplementary material.
Aerodynamic performance
The contributions of the non-circulatory added mass and circulatory lift to the total lift of the flyers for the optimal span length are illustrated in figure 7 . The abstracted passerine model has the maximum circulatory lift coefficient at t* ¼ 0.55. The abstracted goose model has a greater circulatory lift coefficient than that of the passerine model (figure 7a), close to the mid-stroke at t* ¼ 0.53 similar to that of the passerine model. mass is nearly one-tenth of the peak circulatory lift for the passerine model and one-fifteenth for the goose model. As result, the total lift coefficient trends are very similar to the circulatory lift (figure 7b). Furthermore, the mean lift coefficient is nearly zero on the flapping wing. However, the power required is significantly less for both the flyers (figure 7c) because the lift profile is out of phase with the velocity of the imposed plunge motion by 100.58, whereas the abstracted goose model is out of phase with 998.
The thrust experienced by the flyers portrays the same trend with the influence of the effective angle of attack and the circulatory lift. The thrust enhancement due to spanwise flexibility is more pronounced for the abstracted goose model due to the high effective angle of attack (figure 7d ). Despite the induced drag being larger, the resulting thrust is three ,f ) . A goose may use the thrust bucket (figure 7f ) for agile manoeuvres or long-distance travel. Brent geese are long-distance migratory birds [47] . The passerine model generates just enough thrust due to spanwise flexibility to offset induced drag, potentially to reduce the power required (figure 7c).
To further explore the behaviour of the thrust coefficient, we consider the maximum of the effective angle of attack a e,max ¼ max(a e ) ¼ max(2u/U) throughout the span (figure 8a). The spanwise distribution of a e,max for the abstracted passerine and goose models is more pronounced near the wing tip and is minimal through the first quarter of the span.
The two-dimensional thrust coefficient due to the effective angle of attack time histories is plotted for various span locations ranging from z/R ¼ 0 at wing root to z/R ¼ 1 at wing tip for the abstracted passerine and goose models ( figure 8b,c) . Again, the thrust coefficient for the abstracted passerine and goose models shows maximum at the wing tip and minimum at the wing root.
The flyers are able to extract energy from the surrounding flow to generate a small yet positive thrust. The total thrust produced by the goose model due to spanwise flexibility is greater than that of the passerine model, because of enhanced thrust generated throughout the span.
The optimal efficiency aspect ratio was obtained assuming an elliptical wing planform such that e ¼ 1. The optimal aspect ratio region of the flyers in the present study is considered to be the aspect ratios at which kC P l , 0 and kC T l . 0 and this aspect ratio region for the abstracted models for various span efficiency factors is shown in the electronic supplementary material, figure S4 . The required input power coefficient kC P l depends on the lift and wing deformation and is independent of e. The induced drag is influenced by e, which directly affects the thrust coefficient kC T l. For the abstracted goose model, kC T l remains positive even for lower values of e because of the thrust overhead (figure 7f ). For the passerine model, the thrust enhancement due to spanwise flexibility produces just enough thrust to offset the induced drag (figure 7f ). Hence, as e reduces to 0.7, the induced drag increases and the thrust eventually becomes negative. As a consequence, the optimal aspect ratio region shrinks. The actual and optimal parameters for both the flyers are summarized in table 3. The Strouhal numbers, characterized by the relative wing deformation amplitude at the tip, St def ¼ 2fw a /U, are within the range of Strouhal numbers observed for various flying animals, which are in the range 0.2 , St def , 0.4 [48] .
Concluding remarks
This study presents a two-way coupled FSI solution to a flapping wing in forward flight with spanwise flexibility. Inviscid unsteady two-dimensional aerodynamics is considered along the chordwise direction. The spanwise distribution of the resulting lift is integrated in dynamic balance to the EulerBernoulli beam model along the span. The spanwise wing deformations, in turn, are imposed as boundary conditions to the local two-dimensional aerodynamics by considering the local spanwise wing displacement as effective plunge. The thrust is found by considering the effective plunge as an effective angle of attack, corrected for the three-dimensional effect from the wing-tip vortices and the induced downwash and drag. The results for the integrated and time-dependent wing deformation and aerodynamic performance metrics favourably agree with the experimental [15] and numerical data [10, 16, 19] reported in the literature for small wing deformation motions.
The current model is employed to assess the first-order mechanism of spanwise flexibility on aeroelastic performance of abstracted passerine and goose models with uniform wing thickness and structural properties. Results show that the optimal performance aspect ratios are close to the actual aspect ratios observed for these two birds. For both the flyers, only the first structural mode is dominant. The optimal performance occurs near resonance. The resulting structural response is qualitatively similar because the structural properties considered for both the flyers are almost the same except for the size of the wing planform. The magnitude of the effective angle of attack based on the velocity of the effective plunge and forward velocity is relatively close for both the flyers.
Both the flyers are able to extract energy from the surrounding fluid, resulting in a negative power required. The thrust for both the flyers is noticeable only at the wing tip and exhibits a qualitatively look-alike trend with a difference in magnitude. The optimal efficiency of the flyers is considered at the aspect ratio where the highest mean thrust coefficient is observed in the negative power region. Application of the presented model to other birds, as additional data becomes available, is left for future study.
Three-dimensional flow effects can potentially play an important role. The experimental [15] and numerical [10, 16, 19] results suggest that the spanwise variation in the flow is noticeable near the tip, whereas the flow away from the tip is nearly uniform. These observations justify the use of the blade element method with a three-dimensional correction term by including the effects of wing-tip vortices and induced drag. However, for other wing motions and spanwise varying wing structures, the use of the blade element model needs to be carefully examined, which will be addressed in future studies. Also, at high motion frequencies, the wing deformations are typically large. For large deformations, geometrically nonlinear wing structure models may need to be used.
Although most biological wings possess spanwise flexibilities, the chordwise flexibility is prominent as well. The FSI mechanism is different. The chordwise flexibility allows the wing to deform such that the apparent geometric angle of attack changes. The spanwise flexibility alters the wing motion relative to the forward velocity and, hence, the effective angle of attack. The coupling between the spanwise and chordwise flexibilities is an open research area. Models such as the one presented in this study combined with analytical chordwise flexible wing models can potentially provide further understanding of biological and man-made locomotion using flexible flapping wings.
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